We study the mixed state entanglement in holographic axion model. We find that the holographic entanglement entropy (HEE), mutual information (MI) and entanglement of purification (EoP) exhibit very distinct behaviors with system parameters. The HEE exhibits universal monotonic behavior with system parameters, while the behaviors of MI and EoP relate to the specific system parameters and configurations. We find that MI and EoP can characterize mixed state entanglement better than HEE, since they are less affected by thermal effects. Moreover, we argue that EoP is more suitable for describing mixed state entanglement than MI. Because the MI of large configurations are still dictated by the thermal entropy, while the EoP will never be controlled only by the thermal effects. *
I. INTRODUCTION
Quantum entanglement is one of the most striking features of quantum systems that distinguish them from classical systems. Recently, quantum entanglement has been extensively studied in quantum information, condensed matter theory, quantum gravity, and become the core of interdisciplinary of these fields. Quantum entanglement can characterize the quantum phase transition of strong correlation systems and the topological quantum phase transitions, and plays a key role in the emergence of spacetime [1] [2] [3] [4] [5] [6] [7] [8] .
There are many measures of quantum entanglement, such as entanglement entropy (EE), Rényi entanglement entropy, negativity, mutual information (MI), and so on. Each metric can characterize different aspects of quantum entanglement. EE is a good measure for pure state entanglement, but is unsuitable for mixed state entanglement. In fact, mixed state are more common than pure states. For example, any system with finite temperature corresponds to a mixed state, while only zero temperature system can be a pure state.
Therefore, many new entanglement metrics have been proposed to characterize mixed state entanglement, such as the non-negativity, entanglement of purification and the entanglement of formation [9, 10] . However, entanglement measures are notoriously difficult to calculate, because the Hilbert space of quantum systems is often extremely large.
Gauge/gravity duality is a powerful tool for studying strongly correlated systems, and it also brings geometric prescriptions for entanglement related physical quantities. The holographic entanglement entropy (HEE) associates the EE of a subregion with the area of the minimum surface in the dual gravity system [5] . HEE has many important applications, such as characterizing quantum phase transitions and thermodynamic phase transitions [11] [12] [13] [14] [15] .
The HEE proposal opened the door for exploring the information-related properties in holographic theories. For instance, as a more general measure of entanglement, Rényi entropy is proposed to be proportional to the minimal area of cosmic branes [16] . Moreover, the butterfly effect as a typical phenomenon of quantum chaos has been extensively studied in holographic theory recently [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In addition, holographic duality of quantum complexity has also been proposed [27] [28] [29] [30] [31] [32] [33] . Recently, the purification of purification (EoP) was associated with the area of the minimum cross-section of the entanglement wedge [34, 35] . The geometric dual of EoP provides a novel tool for studying the mixed state entanglement.
At present, HEE has been widely studied, but the research on mixed state entanglement -MI and EoP, is still to be enhanced. In particular, the difference between MI and EoP, and their effectiveness in characterizing mixed state entanglement, are still unclear. For this purpose, we study the properties of HEE, MI and EoP, in a holographic axion model. We choose axion model because it is simple enough to have analytical solutions, meanwhile it has some important properties such as momentum dissipation.
We organize this paper as follows: we introduce the holographic axion model in Sec. II A, entanglement measures (HEE, MI, EoP) and their holographic duality in Sec. II B. In Sec.
III, we discuss the properties of these three information related physical quantities in axion model. Finally, we summarize in Sec. IV.
II. THE HOLOGRAPHIC AXION MODEL AND INFORMATION RELATED

QUANTITIES
In this section, we introduce the holographic axion model, as well as the concepts and calculations of HEE, MI and EoP.
A. Holographic axion model
We consider the following action [36, 37] ,
where V (X) is the kinematic term for the axion fields. The ansatz and the corresponding solutions are,
with
The ψ I represents the linear axion field with a constant linear factor k. The A is the Maxwell field, and µ, ρ represent the chemical potential and the charge density of the dual field theory. The regularity of the Maxwell field on the horizon requires that A t | r h = 0, i.e., ρ = µr h . The linear axion fields break the translational symmetry, so the system has finite DC conductivity, which reads [37] ,
For clarity, we focus on the V (X) = X case, which goes back to [36] . 1 The system is invariant under the rescaling,
We focus on scaling-invariant physical quantities, so we adopt µ as the scaling unit by setting µ = 1. Hawking temperature is given by,
B. The holographic information-related quantities
The HEE is identified as the area of the minimum surface stretching into the bulk. It is more convenient to use z ≡ r h r coordinate for numerical calculation, where
For simplicity, we consider the infinite strip configuration along y-axis (see the left plot of Fig. 1 ). The minimum surface is invariant along y-axis, and hence can be described by z(x). Therefore, solving the minimum surface only involves in ordinary differential equations, instead of partial differential equations. The HEE S of the minimum surface and the corresponding width w of the strip are,
where
, and z * represents the top of the minimum surface. The asymptotic AdS boundary leads to a divergent HEE, therefore we introduce a cutoff . Subtracting a cutoff-dependent quantity, the regularized HEE is given by,
The mutual information between two separate subsystems A and C (with separation B)
is defined by the following formula,
Apparently, a non-trivial MI requires also partly cancels out the thermal entropy contribution [38] . For convenience, let's consider parallel infinite stripes A and C with separation B, whose widths are a, b and c respectively.
Therefore we can label a configuration with (a, b, c) (see the right plot of Fig. 1 ).
The entanglement of purification, defined as the minimum entanglement entropy among all possible purification, is a distinct entanglement measure from the HEE and MI [39] . Recently, it is proposed that the EoP is proportional to the minimal cross-section for connected configuration of MI (see the right plot of 1) [34] ,
EoP can measure mixed state entanglement for separate subsystems, and satisfies several important inequalities [34, 39] .
Next, we explore the HEE, MI and EoP on the axion model.
III. THE ENTANGLEMENT MEASURES ON THE AXION MODEL A. Holographic Entanglement Entropy
The Hawking temperature (6) suggests that r h is a function of (k, T ), which we plot in Fig. 3 . At first, r h hardly changes with k for small k. With the increase of k, r h gradually increases with k, and finally exhibits a linear relationship with an constant slope. This fact can be deduced from (6) . At a fixed temperature T , we obtain Solving k from (6) and inserting it into (13) we obtain that,
Therefore, the slope of r h vs k at any temperature approaches 6 −1/4 for large k. The linear relationship between r h and k in large k limit plays an important role in the behavior of information related physical quantities. Next, we show the HEE behavior with k and T at width w = 2 respectively in Fig. 4 .
Apparently, the HEE monotonically increases with k and T , regardless of the values of k, T and the subregion size. Notice also that HEE is almost flat in small k region. This can be understood by the small k expansion of the
where Next, we study two different kinds of mixed state entanglement: MI and EoP.
B. Mutual Information
Compared with the monotonic dependence of HEE on system parameters, we find that MI presents more abundant phenomena. Moreover, the dependence of MI with k is different from that of MI with T . Thus, we explore MI vs k and MI vs T respectively.
Mutual Information vs k
The MI of small configuration is different from that of large configuration, and the mechanisms behind these phenomena are also different. Therefore, we discuss the behavior of MI in small and large configurations respectively.
Small Configurations
For small configurations, HEE and MI are mainly determined by the asymptotic AdS geometry. We may analytically explore the MI vs k.
We find that MI decreases monotonically with k (see Fig. 5 ). According to the MI definition (11), the monotonic behavior of I corresponds to
because minimum surface of A ∪ B ∪ C probes deeper into the bulk, and hence are more affected than the other three quantities by the deviation from the AdS geometry.
Therefore, we can conclude that ∂ k I < 0 following ∂ k S > 0 from (15) .
Another significant phenomenon is that MI almost does not change with k when k is small, which can be understood by ∂ k S ∼ k 3 from (15).
Large configuration
The minimum surfaces of a large configuration will stretch deep into the bulk, so it can not be understood analytically by the geometry deviation near the boundary. We use numerical method to explore MI vs k for large configurations.
When the configuration increases, we find that MI monotonically decreases with k at the beginning. But when a, c increases, we find that the MI becomes non-monotonic with k. No matter how large a, c becomes, MI always monotonically decreases with k in the small k region. These phenomena are shown in Fig. 6 . The universal monotonic behavior for small k can also be understood from (15) . For large configurations, the MI will be dominated by S(A), S(C), S(A ∪ B ∪ C) since they approach the horizon (see the second term of (15)). These three quantities are mainly contributed by the thermal entropy s. Therefore, the ∂ k I will be determined by −∂ k s(B) < 0. As a result, we have ∂ k I < 0 again.
Next we explore the relationship between MI and temperature. 
Mutual Information vs T
The relationship between MI and temperature also relate to specific system parameters and configurations. Comparing Fig. 7 and Fig. 8 , we see that when configuration increases, the behavior of MI with temperature becomes more abundant. Specifically, we find that ∂ T I < 0 when k is small and ∂ T I > 0 when k is relatively large, regardless of the configurations. First, we discuss the small k limit. Taking the limit k → 0, T → 0, we find,
where m(z) ≡ z(2z − 1)(3z + 1) − 1. The sign of ∂ T S depends on m(z). From the plot of m(z) in Fig. 9 , we can deduce that ∂ T S > 0 for small configuration since the minimum surface resides only in the small-z region. Following the arguments for the MI behavior for small configurations in the previous section, we see that ∂ T I < 0 for small configurations.
For large configurations, the minimum surface approaches the horizon and goes to the region with positive m(z). At this time, the sign of ∂ T S is not transparent from (16) . However, the temperature behavior of the HEE as well as the MI, depends on the thermal entropy density since the HEE will be mainly contributed by the thermal entropy s. Therefore, we still have ∂ T S > 0. Following the arguments for large configurations in the previous subsection, we have ∂ T I < 0 again.
Next, the study the large k limit. The small k-limit analysis technique used in the previous section does not apply to the analysis of large k-limit. Because the radius of the horizon r h becomes large for large k. As a result, the minimum surface of any finite subregion approaches the horizon, leading to a vanishing MI. As can also be seen in Fig. 7 and Fig.   8 , MI in the low-temperature region tends to vanish when k is large enough. Therefore, the monotonous increase of MI with temperature in low temperature region occurs when MI is about to vanishes. At this time, the minimum surface is neither near the boundary nor near the black hole horizon. Therefore, the analysis techniques of large and small configuration limits are also not applicable. At this stage, we can only numerically address this phenomenon. We plan to explore an analytical understanding in the near future.
Next we examine the behavior of the EoP.
C. Entanglement of Purification
The EoP for a symmetric configuration equals the area of the vertical line connecting the tops of the minimum surfaces (see Fig. 2 ). For simplicity, we focus on the EoP of symmetric configurations in this paper. Most of the previous studies on EoP only considered symmetric configurations [34, 35, [40] [41] [42] [43] [44] [45] [46] [47] . For asymmetric configurations (a = c), one needs to search a two-dimensional parameter space to find the EoP, which is a hard task [48] .
We show the relationship of EoP with a, c in Fig. 10 , and EoP with b in Fig. 11 . EoP increases with the increase of a, c and decreases with the increase of b. These phenomena verify the inequality E W ρ A(BC) E W (ρ AB ) satisfied by EoP [34] . In addition, from the right plots in Fig. 10 and Fig. 11 we see that EoP is always larger than I/2. This verifies
that EoP satisfies [34] .
Next, we study EoP vs k and EoP vs T . The second plot shows that E W is always greater than half of the mutual information I/2. Each curve in both plots corresponds to k specified by the plot legends.
Entanglement of Purification vs k
First, EoP monotonically increases with k, regardless of the specific system parameters and configurations. When k reaches the critical k c , EoP vanishes because MI vanishes. We show these phenomena in Fig. 12 . The monotonic behavior can be seen from,
where n(z) ≡ (−3z 3 + z 2 + z + 1) r h + 4πT z 3 , the z * 1 and z * 2 are the tops of the minimum surfaces (see Fig. 2 ). Therefore, we conclude that E W monotonically increases with k. This fact shows that the bipartite entanglement of the dual field theory of the axion model always increases with the k.
Entanglement of Purification vs T
For small configurations, we find that EoP increases with T , regardless of the values of k, T . This can be deduced from,
where the sign of we have E W (T ) > 0 for small configurations. We also plot this phenomenon in Fig. 12 .
However, for large configurations, a monotonic behavior of E W with T is not guaranteed.
We have also analyzed ∂ T E W in small k, T limit and in large configuration limit, but we did not find any monotonic behavior. The relation between E W and T depends on specific system parameters and configurations. Therefore, We resort to numerics to explore E W vs T . We plot E W vs T in Fig. 13 , in which the E W decreases with T before it vanishes.
We remind that E W can exhibit non-monotonic behavior for other system parameters k, T .
Meanwhile, we notice that EoP will vanish as MI vanishes when T is large. This is because r h becomes large for high temperature, and the minimum surface of any finite subregion approaches the horizon. This situation of large T limit is the same as that of the large k limit, where we have vanishing MI. The vanishing E W at large temperatures means that the thermal effects will break the entanglement between separate subregions.
D. Comparison of three entanglement measures
We have studied the behavior of HEE, MI and EoP on axion model, and found that they exhibit very distinct behaviors. First, HEE increases with k and T monotonically, which can be understood analytically in certain limits. However, the monotonic behavior of HEE does not mean that the entanglement of the system increases with k, T , because the thermal entropy can bury the quantum entanglement [38] . Especially, HEE is actually dictated by thermal entropy for large k limit and large T limit.
The MI typically exhibits non-monotonic behaviors with k and T . Nevertheless, the MI decreases with k monotonically when k is small. This fact can be proved analytically for small configurations and large configurations. For low temperatures, the MI always decreases with T for small k; while for large enough k, we observed a universal increasing behavior with T . These phenomena suggests that MI captures distinct entanglement structure from the HEE. However, MI may still be dictated by the thermal entropy due to its dependence on HEE, especially for large configurations.
The EoP monotonically increases with k before it vanishes, which can be proved analytically. This unusual monotonic behavior implies that the EoP captures very different entanglement structures from the MI, since MI does not show any universal monotonic behavior. Moreover, the EoP monotonically decreases with T for small configurations, this is another distinct property compared with MI, remind that the MI increases with T for large enough k. More importantly, the EoP for large configurations cannot be analyzed by near horizon geometry, which we have adopted to analytically deduce the monotonic behavior for HEE and MI. The reason is that the EoP involves the bulk degrees of freedom even in the large configurations limit. That is to say, the EoP will never be dictated by the thermal effects. Therefore, the EoP may be a better mixed entanglement measure than the MI.
IV. DISCUSSION
In this paper, we have studied HEE, MI and EoP on holographic axion model, and found that they exhibit very different behaviors. Combined with numerical and analytical analysis, we found and proved their monotonic behavior in certain limits. Their differences show that they depict different aspects of the entanglement properties. Specifically, MI and EoP can cancel out the thermal effect compared with HEE, and hence exhibits more diverse phenomena. Moreover, EoP can be a better mixed state entanglement measure than the MI due to its independence from the thermal entropy. Next, we point out several topics worthy of further study.
First, the techniques in this paper can be directly applied to holographic models with analytical solutions, such as Gubser-Rocha model [49] , massive gravity theory [50] , GaussBonnet gravity theory [51] , and so on. For numerical background solutions, in certain limits, the techniques in this paper may still be applicable. In addition, the EoP of asymmetric configuration in this paper is worth studying, it would be interesting to test whether the monotonic behavior of E W with k is universal. Finally, it is also desirable to study the behavior of HEE, MI and EoP during phase transitions.
